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Abstract. Let Qp C L C i<" C Cp be a chain of complete intermediate fields 
where Qp C L is finite and K discretely valued. Let Z he a one dimensional 
finitely generated abelian locally L-analytic group and let Zk be its rigid K- 
analytic character group. Generalizing work of Lazard we compute the Picard 
group and the Grothendieck group of Zf^. If Z = o, the integers in L ^ Qp, 
we find Pic^ok) = Zp which answers a question raised by J. Teitelbaum. 



1. Introduction 

Let Qp C L C C Cp be a chain of complete intermediate fields where Qp C i 
is finite and K is discretely valued. Let G be a quasi-split connected reductive 
group over L and G := Gr{L) its group of L-valued points, viewed as a locally 
L-analytic group. The category Rep^(G') of (essentially) admissible locally L- 
analytic G-representations over K is of general interest in the realm of the p-adic 
Langlands programme. Let B be a Borel subgroup of G, N its unipotent radical, 
T := B/N its Levi quotient and T := T{L) the group of L-valued points. The 
locally analytic Jacquet-functor associated to these data relates Rep^(G) to the 
much simpler category Rep^(T). In particular, the latter is known to be equivalent 
to the category of coherent module sheaves on the rigid character group Tr- of T. 

The purpose of this note is to shed some first light on the isomorphism classes 
of vector bundles over a space like Tk- Let therefore Z he a. one dimensional 
topologically finitely generated abelian locally L-analytic group and denote by Zk 
its rigid character group. Our main result (Thm. I5.14p computes the Picard group 
and the Grothendieck group of Zk- More precisely, denote by C Z the (finite) 
torsion subgroup of Z. We show that rank and determinant mappings induce an 
isomorphism 

rk © dot : Ko{Zk) ^ Z*'^"'^^' © Pic{ZK) 
where #7ro(Zx) < Furthermore, Pic{ZK) = if L = Qp and Pic{ZK) = 
^#7ro(Zjc) (,ajjQjjj(2ally otherwise. In particular, if Z = o, the integers in L ^ Qp we 
find Pic{dK) = Zp where a topological generator is given by the ideal sheaf defining 
the zero section Sp-fC ^ ok- This answers a question raised by J. Teitelbaum 
(cf. [Tei]). On the other hand if Z = Zp then Zk — Bj^, the open unit disc around 
zero, and our result reduces to a well-known theorem of M. Lazard (cf. [Laz62]). 

We deduce the main result from a general structure result (Thm. 14. 7p on the 
Picard group of twisted affinoid discs. More precisely, let X be a i^T-affinoid twisted 
disc, trivialized by a finite extension K C K'. We show that Pic{X) is finite cyclic 
of order dividing the p-part of the ramification index of K' over K . Furthermore, 
one may deduce from p-adic Fourier theory (cf. [STOl]) that the space ok is an 
increasing union over such twisted discs. Applying our result and passing to the 
limit gives the main result in case Z — o. The general case relies on the variety Zk 
decomposing into the fibre product of a finite etale part, a toral part and ok- 
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We now briefly outline the paper. Wc begin by establishing some basic results 
on the JCo-theory of the types of rings we will encounter in the following. We 
proceed by collecting results on the p-radical descent theory of certain KruU domains 
in characteristic p. This is then applied to (Temkin) reductions of twisted Tate 
algebras and yields the structure of their Picard groups. The results are applied to 
the variety ok and then to the general case Zk yielding the main result. We finish 
by clarifying the relation of the groups Pic{ZK) and Kq[Zk) to the corresponding 
groups associated to the algebra of if-valued locally L-analytic distributions on Z. 
It follows that the (generalized) Amice Fourier homomorphism induces canonical 
isomorphisms between them. 

Acknowledgements. The author would like to thank P. Schneider and J. Teitel- 
baum for interesting conversations. He is grateful to J. Kohlhaase for reading the 
manuscript so carefully. 

2. Some algebraic ii'o-THEORY 

Throughout this section let R bo a commutative associative unital ring. Wc begin 
by recalling some basic notions from algebraic if -theory (cf. [Bas68]). Let P(i?) be 
the abclian monoid consisting of isomorphism classes of finitely generated projective 
i?-modulcs with binary operation given by the direct sum. The Grothendieck group 
Ko{R) of R is the group completion of P(-R). The Picard group Pic{R) of R is 
the subset of P(-R) consisting of classes of constant rank one modules with binary 
operation given by the tensor product. Both constructions induce covariant functors 
to abelian groups. Mapping 1 [R] induces an injective group homomorphism 
Z KoiR). If [P] e P(i?) is of constant rank r then det([P]) [A''P] e Pic{R). 
This gives a surjective group homomorphism det : Kq{R) —> Pic{R), functorial in 
R with Z C kerdet. Denoting by Ho{R) the abelian group of continuous maps 
Spec{R) Z the rank of an ii-module induces a homomorphism rk : Ko{R) — > 
Ho{R) which yields a surjection 

rk © det : Ko{R) Ho{R) ® Pic{R). 

The kernel SKo{R) consists of classes [P] — [R"^] where P has, say, rank m and 
A'"P ^ R. 

Recall that R is called semihereditary resp. coherent resp. regular if any finitely 
generated ideal is projective resp. is finitely presented resp. has finite projective 
dimension. A semihereditary ring is coherent regular. For a concise account of the 
theory of commutative coherent rings we refer to [Gla89] . 

Lemma 2.1. Let R be semihereditary and let R' := R[ti,ti^ , ...,tn,t~^] be the 

Laurent polynomial ring over R in the variables ti, t„. The natural map R ^ R' 
induces an isomorphism on Picard and Grothendieck groups. 

Proof: This is a combination of well-known results. Since R is semihereditary 
R' is coherent ([loc.cit.], Cor. 7.3.4/Thm. 2.4.2.) Then R' is regular by [loc.cit.], 
Thm. 8.2.14 applied to the abelian group Z". Now R' being coherent the category 
of finitely presented i?'-modules is abelian and R' being regular implies, according 
to [loc.cit.], Thm. 6.2.1 that any object in this category has a finite resolution by 
finite free modules. In this situation the result follows along the same lines as in 
the case of noetherian regular rings (cf. [MR87], Cor. 12.3.6). □ 

Recall that an integral domain R is called a Priiferian domain if any finitely 
generated ideal is invertible. A Priiferian domain is the same as a semihereditary 
domain and therefore coherent regular. 
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Lemma 2.2. Let R be noetherian of Krull dimension one or let R be a Priiferian 
domain. Then SKo{R) = 0. 

Proof: In both cases Serre's theorem (cf. [Bas68], Thm. IV. 2. 5) yields that any 
finitely generated projective module is isomorphic to a direct sum of an invertible 
and a free module (cf. also [Gru68], Remarque V.2.3). The explicit description of 
SKq{R) above then shows this group to be trivial. □ 

Recall that R is called filtered if it is equipped with a family (F*i?)sgR of addi- 
tive subgroups F^R C R such that for r, s € R we have F^R D F^R if s < r, 
F^R ■ F^'R C F'^+^'R and 1 G F^R. For s G R let F'+ R := U,.>,,F''i? and 
gr'^R := F'^R/F'^+R. The ring gr' R := (Bse^gr'^R together with the obvious mul- 
tiplication is called the associated graded ring. As usual, a homomorphism of filtered 
rings (/) : R ^ R' is a unital ring homomorphism respecting the filtrations and, thus, 
inducing a ring homomorphism gr* R gr* R' . The filtration on a filtered ring R 
is called quasi-integral if there exists no S N such that {s G M : gr^R 7^ 0} C Z ■ ^ 
(cf. [ST03], Sect. 1). In this case rcscaling allows us to view i? as a Z-filtered ring 
to which the usual notions of the theory of Z-filtered rings apply (e.g. [Lv096]). 
In particular, denote by i?-filt the category of Z-filtered ii-modules. Let gr* R-gv 
and i?-gr be the categories of Z-graded modules with graded morphisms of degree 
zero over the graded ring gr* R and the Rees ring R (cf. [loc.cit.], Def. 1.4.3.5) of 
R respectively. Finally, for our purposes, a Z-filtered noetherian ring R is called a 
Zariski ring if the filtration is exhaustive and complete and the ring gr* R is noe- 
therian (cf. [loc.cit.], Prop. II. 2. 2.1). For any Zariski ring R with regular graded 
ring the Ko-pait of Quillen's theorem (in the generalized version of [loc.cit.]. Cor. 
II. 6. 6. 8) yields an isomorphism 

(1) y : Ka{R) ^ Ka{gr* R) 

with u[R\ = [gr* R] fitting into the commutative diagram of abelian groups 

Kog{gr*R) -^-^ Kog{R) Ko{R) > 

Kog{gr*R) Kog{gr* R) Ko{gr* R) > 0. 

Here, K^g eqiials Kq applied to the category of finitely generated projective graded 
modules over a Z-graded ring with degree zero graded morphisms. The upper hor- 
izontal sequence is a version of the usual localization exact sequence (cf. [loc.cit.], 
Thm. 6.6.5) and the lower exact sequence comes from [VdB86]. More precisely, 
(3 is induced from the localization R R{x) at the canonical regular central el- 
ement X ^ R together with the isomorphism R{x) — R[t^^] {t a variable) and 
the equivalence of categories M M R[t^^] between i?-modules and Z-graded 
i?[i±i]-modules. The map 7 comes from the functor " forgetting the gradation" . 
The mapping i is induced from the canonical map R — > R/XR = gr* R and v is 
defined so as to make the diagram commute. 

Lemma 2.3. Let R be a one dimensional integral Zariski ring with regular integral 
graded ring. The isomorphism v induces an isomorphism Pic{R) Pic{gr* R). 
Proof: Consider the diagram 

> Z ^ Ko{R) Pic{R) ^ 

I 

= \ 4' 

I Y 

> Z > Koigr* R) Pic{gr* R) ^ 
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where the left-hand square commutes because of lylR] = [gr* R]. In both rows 
Z C ker det holds and, by Lemma 12.21 the upper horizontal row is exact whence a 
surjective homomorphism ip : Pic{R) Pic{gr' R) making the diagram commuta- 
tive. Now reconsider the maps i, 7, (3 above. On an isomorphism class of a module 
I, (3, 7 and therefore v preserve the rank. On the level of sets det \pic(R) = id (and 
similarly for gr' R) whence ip must be injective. □ 

Corollary 2.4. Let R be a Zariski ring and M a finitely generated R-module. If 
AI is a projective object in i?-filt endowed with a good filtration then gr' M is a 
finitely generated projective gr' AI -module and iy([AI]) — [gr' AI]. 

Proof: If AI is i?-filt projective its graded module gr' AI and its Rees-module 
M are projective objects in gr' R-gr and -R-gr respectively (cf. [Lv096], Lem. 
I.6.4/Prop. 1.6.5). Since the filtration on AI is good both graded modules are 
finitely generated (cf. [loc.cit.], Lem. 1.5.4). Considering the diagram at the end of 
[loc.cit.], 1.4.3 we find P{[M]) = [AI]. Hence, i^([M]) ^1^0 (3{[M]) =70 i{[AI]) = 
[gr'AI]. □ 



3. p-RADICAL DESCENT OF HIGHER EXPONENT 



3.1. Krull domains. We recall some divisor theory of KruU domains (cf. [Bou98], 
VII. 1) thereby fixing some notation. An integral domain A is called a Krull domain 
if there exists a family of discrete valuations {vi)i^i on K := Quot{A) such that 
A equals the intersection of the valuation rings of the Vi and such that for x ^ 
almost all Vi{x) vanish. For the general theory of valuations we refer to [Bou98], 
VI. 3. Any Dedekind ring is a noetherian regular Krull domain. 

Let A he a Krull domain and P{A) the set of height one prime ideals of A. The 
free abelian group D{A) on P{A) is called the divisor group of A. Given P € P{A) 
the localization Ap of A is a discrete valuation ring. Let be the associated 
valuation. The divisor map 



divA ■ 



D{A) 



E 

P£P(A) 



Vp{x)P 



is then a well-defined group homomorphism giving rise to the divisor class group 
C{A) := D{A)/mi divA- There is a commutative diagramm of abelian groups with 
exact rows 



(2) 



0- 



0- 



■A'' 



diVA 



Cart{A) 



divA 



D{A) 



Pic{A) 



■C{A) 



■0 



■0 



where Cart{A) refers to the group of invertible fractional ideals of A and divA '■ 
— > Cart{A) refers to the obvious map. Finally, v : Cart{A) D{A),I 1-^ 
X]pGP(A) '^p{^)P where vp{I) equals the order of the extended fractional ideal in 
the discrete valuation field Quot{Ap). The maps v and v on Cart{A) and Pic{A) 
are injective and bijective if A is noetherian regular ( [Wei], Cor. 1.3.8.1). If 
j4' C A is a subring which is a Krull domain itself and if P' E P{A'), P G P{A) 
with PnA' = P' let e{P/P') G N denote the ramification index of P over P'. Then 
j{P') :~ Tli^iP I induces a well-defined group homomorphism j : D{A') — » 
D{A) where the sum runs through all P G P{A),P r\ A' = P' . li A' ^ A is 
integral j factors through a group homomorphism j : C{A') C{A) ( [Bou98], 
Prop. VII.l. 10.14). 



3.2. p-radical descent. Recall that a higher derivation d of rank to > on a com- 
mutative unital ring A is an ordered tuple [do, of additive endomorphisms 
of A satisfying do{a) = a together with the convolution formula 

(3) dkiab)= J2 

j=0,...,k 

for all a,b € A (cf. [Jac75], IV.9). Letting A[T : to] := A[T]/{T"'+'^) be the 
truncated polynomial ring over A there is an associated ring homomorphism A 
A[T : to] defined by a i— > X]j=o m ^j(^)^"' ^^'^ which we will denote by d as well. 
An element a G A such that d{a) = a is called a d- constant. If C C A is a subring 
with dj (C) C C for all j = 0, .., to the ring C is called invariant. The order ii{d) of d 
is the minimal j > 1 with dj ^ 0. If char A = p > let n{d) := min{n' : m < }. 

After these preliminaries we turn to the general setting of p-radical descent the- 
ory of higher exponent (following [BabSl]). For the classical theory of p-radical 
descent of exponent one we refer to [K074], II. §6. Consider a KruU domain A of 
characteristic p, K := Quot(A) and a higher derivation d of rank m on K leaving 
A invariant. Let K' C K he the set of 9-constants and let A' := AC] K' . Then A' 
is again a Krull domain, K' is a field with K' — Quot{A') and A is finite over A' 
(cf. [BabSl], (1.5)). 

Lemma 3.1. Suppose that A is free over A' . Let C be a commutative unital A' - 
algebra such that Ac '.— A ®a' C is an integral domain. Then Quot{Ac) admits a 
higher derivation dc of the same rank and order as d leaving Ac invariant. The 
set of dc- constants equals the field QuotiC) and one has 

[Quot{Ac) : Quot{C)] = [K : K']. 

Proof: Let S := C — {0}. Each base extension dj (E) id : Ac Ac com- 
posed with the natural map Ac — > S~^Ac extends to an additive endomorphism 
of S~^Ac. By construction the convolution formula ^ holds whence these endo- 
morphisms form a higher derivation on S~^Ac of the same rank and order as d 
leaving Ac invariant. Since Ac is an integral domain and integral over C one has 
S-'^Ac = Quot{Ac) (cf. [Mat86], Lem. 3.9.1). The field of ^c-constants equals 
(5-i(Ac))^<^ = S-\A^ (®A' C) = Quot{C) where the first identity holds by free- 
ness of A over A' . □ 

We will associate to the couple {A,d) the following construction. As in the 
previous subsection the integral extension A' — > A gives rise to the canonical ho- 
momorphisms j : D{A') — > D{A) and j : C{A') C{A). On the other hand there is 
the abelian group of "logarithmic derivatives" C :— {d{z)/z, z E K"} C K[T : m]^ 
and we may form the subgroups 

Ca:= Cr\A[T:m]'', 

(4) 

C'^— {d{u)/u,ueA'<} 

with C'a C Ca- There is an injective (cf. [BabSl], (1.5)) homomorphism 

$yi : kerj — > Ca/jC'a , -D mod divA' {K'^ ) i-^ d{x£))/xD niod C'a 

where as before xd G is chosen such that divAixo) = Consider the 

following condition on the tuple {A, d) 

(HYP) [K : K'] = and 9^(9) (a) e for some a e A. 



If (HYP) holds the main result of [loc.cit.], Thm. 1.6 yields that $^ is surjective. 
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Lemma 3.2. Suppose A is free over A' and let C be a commutative unital A' - 
algebra such that Ac is again a Krull domain. Let [Ac^dc) be as in Lem. \8.1\ . If 
{A,d) satisfies (HYP) then {Ac,dc) satisfies (HYP) whence ^■s bijective. 

Proof: This is clear from the construction and Lem. 13.11 □ 

For future reference we emphasize the foUowing special case. Consider the ex- 
tension of Krull domains of characteristic p 

(5) A' k[tP'" , t-P'"] C k[t, t-i] =: A 

where is a finite field and m > 0. Put K' := Quot{A') and K := Quot{A) = K'[t\. 
For j e No let dj be the X'-linear endomorphism on K whose effect on the i^'-basis 
1, i, (with m' :— — 1) is given by 

= (•)<•- 

where (*) = if j > i. This is the standard higher derivation on K (cf. [Jac75], 
IV.9). 

Lemma 3.3. The higher derivation d := (9oj ■■■i dm') has rankm' , iJ,{d) = 1, n{d) = 
m and leaves A invariant. The field of constants equals K' and K' Cl A = A' . The 
couple {A,d) satisfies (HYP). 

Proof: The statements about rank, order and n{d) are immediate. We show 
that K' indeed equals the field of constants K" . The extension K/K" is purely 
inseparable since K' C K" . Hence the minimal polynomial of t over K" has the 
form XP — a, a G K" , I > and it suffices to see that I — m. Suppose I < m. 
Then i^' G K" but dj,i{tP') = 1 7^ 0, a contradiction. The claim K' r\ A = A' is 
immediate. Finally, [K : K'] = rkA'A = = and di{t) = 1. Thus the 

couple (A, a) satisfies (HYP). □ 



4. PiCARD GROUPS OF TWISTED AFFINOID DISCS 

We use p-radical descent theory to obtain a structure result on the Picard group 
of certain twisted affinoid discs. 

Following ideas of Temkin in [Tem04], §3 we begin by introducing some graded 
notions in the setting of affinoid algebras. Let K he a discretely valued complete 
nonarchimcdean field of characteristic zero with residue field k and with algebraic 
closure K. Let A be a iiT-affinoid algebra. The submultiplicative spectral seminorm 
|.| induces a decreasing complete and exhaustive filtration on A by the additive 
subgroups 

F'A := {a e A, \a\ < p"'}. 
Thus, A becomes a filtered ring in the sense of section[2]and Noether normalization 
shows the filtration to be quasi-integral. Let gr* A := ©sgR gr'^A be the graded 
ring where as before gr'^A :— F'^A/F'^^A. In particular gr'^A equals the usual 
reduction (cf. [BGR84], 6.3) of A. Clearly gr' A is a graded gr' K-algehia. and gr' 
is functorial with respect to morphisms between if-affinoid algebras (since such 
morphisms are automatically spectral seminorm decreasing, cf. [loc.cit.]. Prop. 
6.2.2/1). For a nonzero a ^ A denote by deg(a) G M the degree of a in the filtration. 
The principal symbol cr(a) 7^ of a is then given by a -I- F'^^ A G gr'^A C gr' A 
where s =deg(a). For example 

(6) gr' K ^ k[t,t-^], a{Tr) i-^t 
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where tt is a prime element in K and t a variable. If in this situation K C Ki is a 
finite extension then the natural homomorphism of gr* ii'i-algebras 

(7) gr' A®gr.K gr' Ki — > gr' {A®kKi) 

induced by the isometry A ^ A ®k Ki,a a ® 1 is bijective. Indeed, being 
discretely valued K is stable whence the extension K C Ki is if-cartesian (in the 
sense of [BGR84], Def. 2.4.1/1) and the claim follows from [Lv096], Lem. 1.6.14. 
By [loc.cit.], Cor. 1.7.2.2 we have 

Lemma 4.1. Let A be reduced and let the ring gr* A be noetherian and regular. 
Then A is regular with global dimension gid A < gld gr* A. 

For r e l^^l denote by B(r) the i^-afSnoid space equal to the closed disc of 
radius r around zero. For our purposes, a /C-afHnoid space X is called a twisted 
form of B(r) if there is a finite Galois extension K C Ki C K and an isomorphism 
X i^K Ki^ B(r) 'g)K Ki of i^i-afSnoids (cf. [Ser02], III. §1). In this situation we 
say that the form X is trivialized by the extension K C Ki . 

After these preliminaries we fix a form X of B(r) and a trivializing extension 
Ki. Denote by A := 0[X) and B := C'(B(r) ®k Ki) the affinoid algebras of X 
and B(r) ®k Ki and by gr* A and gr* B the corresponding Temkin reductions. 

Lemma 4.2. The ring A is a Dedekind domain. The ring gr* A is a noetherian 
regular integral domain of global dimension 2. There is a canonical isomorphism 
Pic{A) ^ Pic{gr* A). 

Proof: The injective ring homomorphism A ^ B \s, finite free and B is Dedekind. 
Standard commutative algebra (cf. [Mat86], 3.9) yields that A is Dedekind. Using 
([7]) the homomorphism of gr* if-algebras 

gr* A ®gr. K gr' Ki — > gr* {A ®kKi)= gr* B 

is bijective. Let z e _B be a parameter on the disc. The ring gr* B = {gr* Ki)[a{z)\ 
is a noetherian regular integral domain of global dimension 2 according to ([11). At 
the same time it is a finite free module over gr* A whence the ring gr* A itself 
enjoys the same properties (cf. [Bou98], Cor. 1.3.5, [MR87], Thm. 7.2.8). Thus, 
A is & one dimensional integral Zariski ring with regular integral graded ring and 
Lem. 12.31 gives the desired isomorphism Pic{A) Pic{gr* A). □ 

Let k and fci be the residue fields of K and Ki respectively and denote by k{to) 
the function field in one variable to over k. Let tt be a uniformizer for Ki so that 
we obtain by ([6]) an extension 

(8) gr* K ^ k[tf] ^ k, [t^'] - gr* K, 

where e' = e{Ki/K) denotes the ramification index. Choose m > such that 
P^c'q = e! and (p, Cq) = 1. By ([7]) the space Spec{gr* A) is a form of the affine line 
Spec{gr* B) with respect to the extension ([S]) . Since there are no separable forms 
of the affine line over a field (cf. [Rus70], 1.1) the cartesian diagram 

k[tf°] k,[t^'] 



kitf) fci(to) 

implies that Spec{gr* A) is trivialized by the inseparable closure {gr* K)p = 

k[t^'^] inside ^ where t :— t^" . The trivializing extension is therefore of the form 
([5]) and comes equipped with the standard higher derivation d of rank m' := — 1 
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satisfying (HYP) (cf. Lem. 13. 3p . Let z G B he a. parameter and denote its 
principal symbol z G gr* B hy z as well. We may base extend d to gr* A (^gr' k 
{gr' Ky "* ~ k[t^-^ , z] to obtain a higher derivation d' on k{t, z) of the same rank, 
leaving C :— k[t^^,z\ invariant and satisfying (HYP) (cf. Lemmas 13.1 ^3. 2p . Thus 

Proposition 4.3. Denoting hy C{gr* A) the divisor class group of gr* A the ho- 

momorphism ■ C'{gr* A) Cc/^'c associated to d' is bijective. 

To calculate the right-hand side of the above bijection we need information on the 
special value d'(z) € k[t^^, z\. This requires an auxiliary lemma. Let n := \K\ : K\. 
Denoting by if* the dual iiT- vector space of K\ we have K\ ®k K\ Endif(ifi) 
in the usual way. On the other hand, K C K\ being Galois implies that the K\- 
module YaiAk{K{) is finite free on the basis G := Gal{Ki/K) (cf. [K074], §5). For 
any if-basis {ai, a„} of Ki denote by {a^, a* } the dual basis. 

Lemma 4.4. Let v :— {c{a))a£G be any element in — {0}. There exists an 
orthogonal K -basis (depending on v) of Ki such that with 1 (E) a* —: s^^a, 6 
Ki we have s^c(cr) ^ in Ki for i = 1, n. 

Proof: Let a :— (oi, ...,a„) G Ki have entries a if-basis of Ki (orthogonal or 
not) and denote by G'(a) the matrix (craj)^.^. By independance of characters we 
have G{q) G GL„(ifi). By definition of the we have with := (s^)ct S Ki that 
G{afs^ = ei, the i-th standard unit vector in K^. It follows that G{a)~^ = (s^)^ ,j. 
Let Hi be the hyperplane Ci = in if" and let H :— UiHi. The claim amounts 
to find an orthogonal if -basis oi, ...,a„ of ifi such that w{a) :— G{a)^^v ^ H. If 
A € GL„ (if) then a short calculation yields 

(A*)-iG(a)-i = G(Aa)-i 

where Aa G if" has again entries a if -basis of ifi. Now ifi being if -cartesian 
we may choose an orthogonal if -basis ai, a„ of ifi. By the above it suffices to 
find an element A G GL„(if) such that {A*)~^w{a) ^ H and such that Aa G if" 
has entries an orthogonal basis. Now the principal symbols at form a gr* A'-basis 
of gr* Ki. For all i,j — l,...,n let be a principal unit of if if i = j and 
an arbitrary element of if such that |aijaj| < |aiiai| if i ^ j respectively. Let 
A := (oij) G Mat(n, K). Since the principal symbol of ^jOijOj equals auUi for 
all i the entries of Aa G if" are an orthogonal if -basis of Ri . Choosing the non- 
diagonal entries sufficiently small A becomes invertible and we have {A*)~^ = 1 + M 
with M G Mat{n, if) close to zero. Conversely, we see that any such M gives rise to 
a matrix A G GL„(if ) such that the entries of Aa G if" are an orthogonal if -basis 
of ifi. Since w(a) 7^ we clearly have w{a) + Mw{g?) ^ H for some choice of Ai. □ 

Lemma 4.5. For j — 0, ...,to' there exists cj G such that dj{z) = cjz. 

Proof: To ease notation we put R := gr* R for any occuring filtered ring R. 
Consider the trivializing extension if C ifi for our fixed form yl of i3. Consider 
the composite of finite free ring extensions 

if = k[t^P"'] —> (if)P"'" = k[t^^] ^ ifi = ki[tj^] 

where as above k and ki denote the residue fields of if and ifi respectively, to G Ki 
is the principal symbol of a uniformizer of ifi and t := tg". Let 

/ G UouikicskKi {Ki ®k B, B ®k Ki) 

be the faithfully flat descent datum for the form A ®k Ki ~ B. Since ifi is if- 
cartesian we have gr* (ifi ®k B) = Ki ® B for the tensor filtration making it a 
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gr* {Ki ®K Ki) = Ki ®^ i^i-algebra (cf. [Lv096], Lcm. 1.6.14). By construction 
(cf. [K074], §8) / is a filtered homomorphism and 

/ gr' f e Hom^^^^^^ (i^i ®^ B, B ®^ K^) 

yields the faithfully flat descent datum for the form A®pr Ki ~ B. Denote by 
z G B the principal symbol of the above chosen parameter z G B. Let / £ N 
be any natural number. In the following we obtain information on the element 
f{l(E)z^) &B®i^ki. The Galois descent datum a : B ^ B, a e G := Gal{Ki/K) 
gives a Ki ®k -ftTi -linear endomorphism 

T : ¥,tlAk{Ki) — > EndK(S) 

via T{sa){b) — sd-{b) for s e Ki, cr G G (a descent datum "fidelement projective", 
cf. [K074], Thm. 5.1). Applying [loc.cit.], Prop. 4.1 we see that 

n 

(9) /(I8)z') = ^T(l®a*)(^')8)a, e B ®k Ki 

i=l 

where ai, a,i is any if-basis of Ki and a\, a* the dual basis. Furthermore, let 
9 : G AutKi~aig{B) be the Galois cocycle corresponding to the descent datum 
{^jo-eG and let 

e,{Z) = co{a) + ci{a)Z + ... e Ki[[Z]] 

be the power series giving the corresponding algebra automorphism of B. By 
[BGR84], Cor. 5.1.4/10 we have \ca{a)\ < 1,|ci(ct)z| = l,\ciia)z'\ < 1 for i > 1 
where |.| denotes the spectral norm on B. We let v :— {ci{a))cr£G G Ki — {0} and 
let from now on ai, a„ be an orthogonal ii'-basis of Ki which is adapted to v in 
the sense of the preceding lemma. With 

(10) l«)a*=:^s>eEndK(i^i) 

(7 

this implies 'Ylia ^o-Cilc) 7^ for i = 1, ...,n. Since /(I (g) z') ^ it must equal the 
principal symbol /(I z')"' of /(I (g) z') whence by ^ 

/(I ® 5') = ^ r(l a*)(z')~ ® a, 
ies, 

where X^ies, refers to the sum over the terms of dominant degree in the filtration. 
Using (jlOp and da- o a = a as maps B ^ B for a G G the definition of T yields 

with E.eG P^ + d^Z + ... e Ki[[Z]] and d, E<x sj.ci(a) ^ for aU 

i = l,...,n. We assume first pi ~ for all i = l,...,n. Since the spectral norm 
on B is given via \ J2m^"^^"^\ ~ ^^Pm l^^mk™ with some r < 1 ( [BGR84], Prop. 
6.1.5/5) there is TV > such that for all I > N we have sidaiz^))~ = diZ^ for 
all i = 1, n. All in all we obtain 

(11) f{l®~z^)^^d^z^ ®~a, 

for / > N. We now use this information to prove the lemma. 

Since K — > Ki is finite free / uniquely determines a Ki (g) ^ i^i-linear homomor- 
phism (cf. [K074], Thm. 4.3) 

f : End^(Xi) — > End^,(S) 
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and (jlip implies 

f{s®s*){z^) = s s* {a,)diS^ = ss*(a,)di)^' £ ^ 
ieSi i&Si 

for ^ > N. Recall the standard higher derivation d on k{t) leaving invariant. 
Since {KY is a direct summand of the A'-module Ki we may extend for j = 
0, m' the ^-linear endomorphism dj of k[t^] to an element of Endj^{Ki). In the 
following fix j G {0, ...,m'} and write dj =: s* e = End^(A'i). 

By construction of d'^ we have 9j = f{d-j) e End^(S) (cf. [K074], Thm. 4.3) 
whence for Z > iV 

(12) a;(z') = (s ® s*)(5') = {J2 Y,ss*iai)d^)S' =: c,(05' e B 

s.s* s,s* iG5( 

with Cj{l) € {KY (the latter since d'j leaves fc[t*^,z] invariant). Since K C 

{KY is radical of exponent p"* the endomorphism d'^ of fc[t*^,z] is k[t^^zY - 
linear. For Ip"^ + 1 > N we obtain 

(13) 5'p"a;(5) = d'^{s'p'"+') = c,(Zp" + i)z'p"+i 

in the integral domain fc[t*^,z] whence dj{z) — CjZ and cj Cj{lp"^ + 1) does 
not depend on I. The lemma is thus proved under the hypothesis that pi — Q for 
all I = 1, ...,n. In general, we see that the presence of some pi ^ leads to a 
modification in line (fT^ in the sense that d'^{z^) = + Cj{l)z^ S B with some 
additional ej{l) e [KY ■ For Zp™ + 1 > iV we obtain again 

z'p'"9j(z) = 9j(5'P'"+i) = ej(Zp" + 1) + Cj(Zp'" + l)l'P"+i 

whence ej{lp"^ + 1) = 0. The general case follows. □ 

By the preceding proposition we have d'{z) = Jlo "^j • m']^ 
and therefore d'{z)/z S Cc- 

Proposition 4.6. T/ie class oj d' {z)/ z generates the group Lcl CJc- Hence, C{gr* A) 
is finite cyclic of order dividing . 

Proof: The second claim follows from the first by Prop. I4.3l since Cc has exponent 
m' + 1 = Given /, 5 e k[t^\z] - {0} we have d'{f /g)/{f /g) = d'{fg^')/fg"^' 
whence 

= {d'{f)/f I / e k[t^\z] - {0}, 9'(/)// e {k[t^\z][T : m'])X}. 

Since 9' is a ring homomorphism we have ord2(/) < ord2(9'(/)) for / G k[t^^ , z] — 
{0}. Thus, d'{f)/f e fc[t±i,z][r : mY implies 9'(/)// € k[t^^][T : ■ Now let 
/ = j Oijfz^ € /c[t^^,z] — {0} with Gij G k^ and assume d'{f)/f G >Cc- Hence 

|9'(/)// =: e k[t^^][T -.mY- Letting w Y^i^c^T^ we compute 

^ ay (t + TYz^w^ = ^ ay9'(t)*9'(z)^ = a»ji'zJ) = a,jf z^'. 

i>i 

Fix a j. Since t, z, T are algebraically independent one has 
w^^a,A^-rTY)li^a,,t^) = h. 

i i 

Since w — d'{z)/z G -Cc we have 

^a,,(t + T)')/(^a,,f) = 9(^a,,f )/(^a,,f ) e A[t±i, 
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where £fc[t±i] refers to the integral logarithmic derivatives associated to the stan- 
dard derivation d. Since the latter satisfies (HYP) and C{k[t^^]) = we have 
'Cfc[t±i] = '^/c[t±i] ^ ^'c- Thus, = h mod C'^ in Cc/ Cq. □ 

Summing up we have 

Theorem 4.7. The group Pic{A) is finite cyclic of order dividing p™. 

The preceding result also determines the Grothendieck group Ko{A). Indeed, A 
is Dedekind whence SKo{A) = by Lemma 

5. Applications to p-adic Fourier theory 

5.1. Cohomology and inverse limits. We establish some results on the be- 
haviour of sheaf cohomology with respect to certain coverings. 

Let X be a G-ringed space in the sense of [BGR84], 9.3.1 and let H*{X, .) denote the 
sheaf cohomology of X. Let Ab{X) be the category of abelian sheaves on X, Ab the 
category of abelian groups, Projt^{Ab) the category of N-projective systems over Ab 
and F := lim„ the projective limit viewed as an additive functor Projff{Ab) Ab. 

Lemma 5.1. Let {X„}„gN be a countable increasing admissible open covering of 
X . Consider the additive functor 

G : Ab{X) ^ ProM{Ab), T ^ (.F(X„))„. 

For any T G Ab(X) there is a short exact sequence 

— > {R^F){GT) — > R\FG){J^) — > {FR^G){T) — > 0. 

Proof: Both F and G are left exact. An injective sheaf I G Ab{X) is flasque 
(cf. [Har77], Lem. II.2.4) whence the system G{2) is surjective and therefore F- 
acyclic (cf. [Wei94], Lem. 3.5.3/Cor. 3.5.4). The standard Grothendieck spectral 
sequence (cf. [loc.cit.], Thm. 5.8.3) 

{RPF){R'iG)[T) ^ RP+''{FG){T) 

is therefore at our disposal. The associated five-term exact sequence degenerates 
into our short exact sequence since R^F = (cf. [loc.cit.]. Cor. 3.5.4). □ 

Lemma 5.2. Keep the assumptions of Lem. \5.1\ Let res„ : Ab{X) — > Ab{Xn) be 
the restriction. For i > the collection of functors 

r (i?'(A„,res„o (.)))„ 

form a universal cohomological 5-functor {T'')i>Q : Ab{X) Projfi{Ab). For any 
T G Ab(X) there is a short exact sequence 

— > fimi^) T{X„) — > H\X, T) — > lim„iJi(A„, T) — >0 

where the right surjection is induced by the inclusions A„ —^ X for each n G N. 

Proof: For each fixed n G N the functors -ff*(A„,res„ o {.)),i > form a coho- 
mological (5-functor Ab{X) Ab. Since it is functorial in A„ it follows from the 
definition of short exact sequences in Projfi{Ab) that the — (_ff*(A„, res„o (.)))„ 
for i > form a cohomological (5-functor (T*)i>o : Ab{X) Projfq{Ab). Now on 
any G-ringed space the restriction of an injective sheaf to an admissible open sub- 
set remains injective (cf. [Har75], L§2). Hence each res„ preserves injectives. Since 
Ab{X) has enough injectives it follows that each T*, z > is effaceable and there- 
fore (T*)i>o is universal (cf. [Gro57], II. 2. 2.1). It now follows that the right-derived 
functors of the functor G appearing in Lem. 15.11 are given by {T'^)i>o. It remains 
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to observe that the sheaf property yields F o G = T, the global section functor. □ 



We apply the above results to certain rigid analytic spaces. Let K he a com- 
pletely valued non-archimedean field of characteristic zero and Rig{K) be the cat- 
egory of rigid X-analytic spaces (cf. [BGR84], 9.3). As with any G-ringed space, 
given X G Rig{K) its Picard group Pic{X) equals the set of isomorphism classes 
of line bundles over X with the tensor product as binary operation. Similarly 
the Grothendieck group Kq{X) of X equals the group completion of the abelian 
mononoid consisting of isomorphism classes of vector bundles over X with the di- 
rect sum as binary operation (cf. [FvdP04], 4.7). Analogously to the algebraic 
setting (section [5]) rank and determinant of vector bundles induces a surjective 
group homomorphism 

rk © det : Ko{X) — > H"(X, Z) ® Pic{X) 

(cf. [Wei], 11. §8). Recall also that X is called quasi-Stein if there is a countable 
increasing admissible open affinoid covering {Xn}neN of ^ such that the restriction 
maps 0{Xn+i) — » 0{Xn) have dense image (cf. [Kie67], Def. 2.3). 

Corollary 5.3. Let X be a quasi-Stein rigid K-analytic space with respect to a 
covering {Ar„}„gi!}- There is an exact sequence 

— > lim'^^^ 0{X.nY — * Pic{X) — > lim„Pic(X„) — > 0. 

Proof: Apply the last result io T = Gm and use H^{X^G„i) ~ Pic{X) (cf. 
[FvdP04], Prop. 4.7.2). □ 

For future reference we point out the relation between the ii'o-theory of a quasi- 
Stein space X G Rig{K) and of its ring of global sections 0{X). To do this recall 
that the dimension of X is defined to be the supremum over the KruU dimensions 
of its various local rings (cf. [loc.cit.], Def. 4.5.6). 

Lemma 5.4. Let X be a quasi-Stein rigid K-analytic space of finite equidimension 
such that 7ro(Ar) is finite. Taking global sections furnishes an equivalence of exact 
categories between vector bundles over X and finitely generated projective 0{X)- 
modules. In particular, Kq{X) ^ Kq(0{X)) and Pic{X) ^ Pic{0{X)) canonically. 

Proof: Following [Gru68], Remarque V.l. one may apply mutatis mutandis the 
arguments appearing in the proof of [loc.cit.], Thm. V.l on each connected com- 
ponent. □ 



5.2. The additive group. Let |.| be the absolute value on Cp normalized via 
\p\ = ■ Lst Qp C L be a finite field extension (the "base field"). Let a C L 
be the integers in L and let ei, e„ be a Zp-basis of o. Let e = e(L/Qp) be the 
ramification index, k be the residue field of L and q = #fc its cardinality. To ease 
notation let us put Xp ■= X®lF for any X € Rig{L) and any completely valued 
intermediate field L C F C Cp. Let Gl denote the subcategory of Rig{L) consisting 
of group objects. Denote by B" e Rig{L) the n-dimensional open unit disc around 
0. Let 6 C B" denote the closed analytic subvariety defined by the equations 

e.i log(l + Zj) - ej log(l -f Zi) = 

for i,j — 1, It is a connected smooth one dimensional quasi-Stein space. For 

each completely valued intermediate field L C F C Cp its i^-valued points are 
in natural bijection with the set of _F-valued locally L-analytic characters of the 
additive group of o viewed as a locally L-analytic group. In this way 6 becomes 
naturally an object of Ql (for all further details we refer to [ST], §2). Let L C 
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if C Cp be a discretely valued complete intermediate field (the " coefficient field" ) . 
The principal goal of this section is to use the methods of the preceding section to 
calculate the group PicIok)- 

Recall that a Lubin- Tate formal group for a fixed prime element tt € o is a certain 
one dimensional commutative formal group G over o of height n = [L : Qj,] (cf. 
[Lan90], 8.§1). It comes equipped with a unital ring homomorpism [.] : o End((G) 
where we assume ([loc.cit.], Thm. 1.1/3.1) that [tt] = ttX + X'^ e o[[X]]. Denote 
by exp(j and logjj the formal exponential and logarithm of G respectively. Denote 
by L C Loo the extension obtained by adjoining all torsion points of G and all p-th 
roots of unity to L. Viewing G as a connected p-divisible group (cf. [Tat67], Prop. 
2.2.1) let G' be its Cartier dual and r(G') be the corresponding Tate module (cf. 
[loc.cit.], (1.2)/(2.4)). The latter is a free rank one o-module carrying an action 
of the absolute Galois group Gl '■= G{L/L) of L which is given by a continuous 
character r' : Gl — > o^. Denote by Gm the formal multiplicative group over oCp- 
There is a canonical Galois equivariant isomorphism of o-modules 

(14) T(G') ^ Homo,^ (G «.o^ oc^ , G™) 

(cf. [loc.cit.], §4) where on the right-hand side, Gl acts coefficientwise on formal 
power series over oc and the o-module structure comes by functoriality from the 
formal o-module G. Choose once and for all an o-module generator t' for r(G') 
and denote by 

Ft,{Z)=ujZ + ...€oc^[[Z]]Z 

the corresponding homomorphism of formal groups. By the torsion points of 
G' are contained in the extension L^o whence the "period" lo lies in the closure of 
Loo (cf. [ST02], Appendix). Also, a.Ff = T'{(j)Ft> and therefore uj" = r'(o-)cj for 
all <7 G Gl- Choose w„ G L^o such that — 1| < _p~" for all n G No and put 

Ln L{ujn)- We may assume that I/„ C L^+i and that each L„ is Galois. Define 
a formal power series as 

K{Z) := e^M{^n/uo)\og^{Z)) G Cp[[Z]]Z. 

The generic fibre of the formal scheme Spf o[[X]] underlying G equals the open unit 
disc around zero B G Rig{L) (cf. [Ber], Remarque (0.2.6)) which, by functoriality, 
becomes in this way an o-module object in Ql- We denote the action oxJi —^ Bg by 
{g,z) 1-^ [g]-z. Let {B(r„)}„gN be the increasing admissible open affinoid covering 
of B by closed discs of radii r„ := r^/'' where r := p~'}/'^(i~'^\ With the induced 
structure each disc B(r„) becomes an o-module object in Ql- 

For each complete intermediate extension L C F C Cp there is an increas- 
ing admissible open affinoid covering {oF.njneN of the character variety dp G Gf 
compatible with base extension (cf. [STOl], §3). By the uniformization theorem 
( [STOl], Thm. 3.6) there is a compatible family of isomorphisms in Qc^ 

B(r„) ®lCp On ^LCp. 

They glue to a group isomorphism k between B(g)iCp and oCSiCp given on Cp- 
valued points by 

K^{g) = l + Ft>{[g].z), zGB(Cp), .g G o. 

Remark: According to the remark following [STOl], Corollary 3.7 the isomor- 
phism K descends from Cp to the closure of the field Loo which clearly contains wild 
ramification. Furthermore, if i 7^ Qp then, according to [STOl], Lemma 3.9, the 
twisted form 6 of B cannot be trivialized over any discretely valued extension of L. 
In contrast, the main result of [Due], Thm. (3.6) shows that any form of the space 
B with respect to a tamely ramified finite extension is already trivial. 
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Lemma 5.5. For alln the power series hn is a rigid analytic group automor- 
phism o/B(r„)cp. 

Proof: We give the details of a proof sketched in [ST]. Let G{X, Y) e o[[X, Y]] 
be the formal group law of G. By basic properties of exp^ and logg one computes 

that hn(Z) equals 

(15) expG(G„(logG(Z), (iun/u; - 1) log^{Z))) = G(Z, cxpg(K/c^ - 1) log^,{Z))) 

as formal power series over Cp where Ga denotes the formal additive group. By 
[STOl], Lemma 3.2 we have [p"].B(r„) = B(r) whence 

p"logG(B(r„)) = logG([p"].B(r„)) = logG(B(r)) = B(r) 

where the last identity follows from [Lan90], Lem. §8.6.4. Hence, on B(r„) we have 
the composite of the rigid analytic functions 

(16) B(r„)c, ^>-"B(r)c. ^""-^"^ B(r)c. ^-^ B(r)c.. 

Using that the group law G is defined over o it follows that h„ is a rigid an- 
alytic function on B(r„)cp. Applying the same reasoning to the formal inverse 
h~^{Z) = expjj((a;/a;„) log(j(Z)) shows that /i„ is a rigid automorphism of B(r„)cj,. 
It is clear from the definition of /i„ that it respects the Lubin-Tate group structure 
onB(r„)cp. □ 

Lemma 5.6. The group isomorphism 

Kohn ■■ B(r„) (8)iC 

descends to the field Ln . 

Proof: Denote by B„ := C)(B(r„)) and A„ := 0(o„) the i-afhnoid algebras 

of B(r„) and 6„ respectively. We have obvious actions of the Galois group Gn '■= 
Gal{L/Ln) on B(r„)cp, -B„ (g)LCp and AutCp-a(g(-Sn ^L^p), the group of Cp-algebra 
automorphisms of B„ 0Cp. Given a G Gn and a Cp-valued point z of B(r„) we 
find 

ft-i(a(/i„(z))) =expG((a./u;'^)logG(z)) = exp^^ir' {ayHog^Jz)) = [T'ia)-'].z 

where the last identity comes from [Lan90], Lemma §6.2. It follows for each a S G„ 
that 

a.hi = hi o [r'ia)-'] 
in AutCp(B„ i8)z,Cp). By [STOl], Corollary 3.8 the Galois cocycle 

Gl Autc^-algiBn (^iCp), CT ^ [r'((T)-^] 

gives the descent datum for the twisted form : ^„(8)LCp Bn^L^p- Ac- 
cording to the usual formalism of Galois descent (cf. [K074], §9) we may therefore 
conclude that the Cp-algebra automorphism 

is G„-equi variant. By the existence of topological L-bases (cf. [Sch02], Prop. 10.1) 
for An and Bn taking G„-invariants and applying Tate's theorem C^" = Z/„ 
(cf. [Tatar], Prop. 3.1.8) yields the claim. □ 

Remark: Using that Ft'{Z) = exp(cj logQ(Z)) as power series over Cp (cf. [STOl], 
Sect. 4) the isomorphism k o /i„ of the preceding proposition is given on Cp-points 
z of B(r„) via 

{k o hn)z{9) = exp(5fa;„ \og^{z)), g € o. 
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We now consider for each n the base extension ok^u of 6 to K. By the previous 
proposition it is a twisted form of the Lubin-Tate group on B(r'„) triviahzed over 
Kn '■— KLn by K o hn- Let m = m{n) > such that equals the p-part of 
e{Kn/K). By Thm. I4.7l there is a higher derivation 9^ on C := {gr' KY [z] such 
that V&c exhibits Pic{An) — Pic{gr' An) to be finite cychc of order dividing 
where A„ ;= 0{dK.n)- We exhibit a generator. The ideal sheaf defining the zero 
section Sp K ok.u is an invertible sheaf (Lem. 14. 2p lying in Pic{dK.n)- 

Proposition 5.7. The ideal sheaf defining the zero section generates Pic{dK,n)- 

Proof: Let A 0{dK,n) and B C'(B(r„)A'„) and let / C A and J C B 
the ideals of definition for the zero sections. The trivialization n o hn is a group 
homomorphism and therefore preserves the origin. Applying the functor gr* we 
therefore obtain a commutative diagram of gr* i^n-modules 

gr* I ®gr' K gr* Kn = gr* {I ®k Kn) — gr* J 



gr* A ®gr' K gr* Kn = gr* {A ®k Kn) gr* B 



gr* Kn gr* Kn 

which, by a previous argument, descends to [gr* K)p . Hence, 

/ ^gr' K igr' K)^'^ = {z) 

where {z) equals the principal ideal generated by the parameter z G [gr* K)p [z] = 
C. Since (z) is a line bundle so is gr* I by faithfully flat descent (cf. [K074], Lem. 
L3.6) whence gr* I e Cart{gr* A). With D := D{gr* I) e D{gr* A) we thus have 
j{D) = divc{z) in D{C). By definition <i>c then maps the class of D to d'{z)/z. 
According to Prop. 14.61 the line bundle gr* I then generates Pic{gr* A). It remains 

to see that / ^ gr* I via Pic{A) Pic{gr* A). Now A is a Zariski ring. The 
induced filtration on the finitely generated A-submodule / is therefore a good fil- 
tration (cf. [Lv096], Thm. n.2.1.2) and gr* I being projective in gr* A-gi implies 
that / is a projective object in A-filt (cf. [Lv096], Prop. L7.2.10). Thus, Cor. 
completes the proof. □ 

It follows immediately from [STOl], Lem. 3.10 that the ideal sheaf corresponding 
to the zero section SpK 6k is an invertible sheaf in Pic{dK) which has order 1 
if L = Qp and order 7^ 1 if L 7^ Qp. 

Proposition 5.8. Let L ^ Qp. The ideal sheaf defining the zero section Sp K 
Ok is not torsion in Pic^OK)- 

Proof: This is a generalization of the proof of [STOl], Lem. 3.10. Abbreviate 
A := 0{6k), B := 0{Bk) and i?Cp := 0{Bcp) and let z G i? be a parameter. 
Assume for a contradiction that the ideal sheaf is torsion, li I C A denotes the 
corresponding ideal of global sections there is 1 < m < 00 such that /™ — (/) with 
some f £ A. Since the trivialization n preserves the origin we have / ^—^ (z) via 
Pic{A) — * Pic{Bc^) whence (/) (z™). Now consider / as a rigid if-analytic 

map Ok Aj^ into the affinc line over K. The composite Bcj, — *■ — *■ 
Aj.^ is then given by a power series F generating the ideal (z™) of B whence 
F{z) — az™(l + biz + b2Z^ + ...) with a G Cp , 5^ G oc^. Since our arguments 
will only depend on K being discretely valued we may pass to a finite extension 
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of K and therefore assume x & K with \x\ = \a\. Passing to f we see that F 
induces a rigid Cp-analytic map Be,, 'Rcp being the union over Cp-afiinoid maps 
B(r„)cp — > B(r„)cj,- Hence, / is in fact a rigid ii'-analj^ic map 

/ : Ok ^ Bjf 

equal to the union of if-affinoid maps /„ : OK.n B(r„)/f . The latter arc induced 
by functions /„ G C(6x,n) generating I'^0{dK,n), the m-th power of the ideal 
defining the zero section Sp K ^ dK,n- Denote by /" and /| the corresponding 
ring homomorphisms on global sections. Now fix n and let An := O(dK.n), Bn ■= 
(!)(B(r„)x^). Since our arguments will only depend on the fact that K C Kn is 
finite we may assume that a„ e Kn such that |a„| = r„. Identifying A<S:KKn — Bn 
via the group isomorphism k o hn the map /| (^k Kn : Bn Bn is given by a 
power series in Bn defining the m-th power of the zero section Sp K B(r„)/f„- 
Hence <Sik Kn equals the map {a~^z) i— > {a~^z)"^e with suitable e e Bn - Since 
|a~^2;| = 1 this is an isometry with associated graded map 

gr* (/« Kn) : a{a-'z) ^ a{a-hra{e) 

and a{e) E {gr* Kn)^ ■ Clearly, the homomorphism gr' (/^^ Kn) is finite free 
of rank m on the homogeneous basis elements a{a^^ z)''\ a{an^ z)"^^^ . Hence, 
<SiK Kn is finite free of rank m (cf. [Lv096], Lem. 1.6.4). By faithfully flat 
descent An is therefore a finitely generated projective i?„-module of rank m via f^. 
This shows the Oe-modulc ft:{6K) to be a vector bundle of rank m which must be 
trivial (cf. [Gru68], Remarque V.2.3). Since Hk is quasi-Stein over the discretely 
valued field K the if -algebra B is Frechct-Stein in the sense of [?], Sect. 3. We 
therefore have the full subcategory of coadmissible B-modules at our disposal in 
which every object is endowed with a canonical topology and in which every mor- 
phism is strict. The S- module isomorphism _B™ A coming from taking global 
sections in the Oe-module f*{dK) and choosing a basis lies in this category and 
is therefore topological with respect to the canonical topology on both sides. By 
definition of the latter as a certain Frcchet topology this isomorphism must re- 
spect the subrings of bounded elements. All in all, we obtain that the restriction 
/S : — > a!' is finite free of rank m. Let g & A^ he nonzero and consider an 
integral equation of minimal degree g'^'hd + .g''~^6d-i + ... + 6o = over B^ . Then 
6o 7^ and thus, by the Weierstrass preparation theorem (cf. [Bou98], Vn§3.8 Prop. 
6), 6o has only finitely many zeroes on B^f . Since / has finite fibres (cf. [BGR84], 
Cor. 9.6.3/6) it follows that g has only finitely many zeroes on ok- But according 
to (the proof of) [STOl], Lem. 3.9 the nonzero function given on Cp-valued points 
via Kz I— > Kz(l) — «;z(0) lies in A!' and has infinitely many zeroes, a contradiction. 
□ 

We prove the main result of this section. 

Theorem 5.9. The group Pic{dK) is pro-p and topologically generated by the ideal 
sheaf defining the zero section Sp K 6k- In particular, Pic{oK) = 1 if L = Qp 

and Pic{dK) = otherwise. 

Proof: Let A := C)(6if),A„ := 0{dK,n) and B„ = 0(B(r„)if„). Let / C A be 
the ideal of definition for the zero section and let /„ := I An- Consider the natural 
homomorphism 

(17) TT : Pic{A) — > lim„Pic(A„). 

By our results so far the right-hand side is a projective limit of cyclic p-groups 
each having /„ as a generator. It is therefore a pro-cyclic pro-p group on the 
topological generator 7r(/). Since / G Pic{A) has order 1 if i = Qp and infinite 
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order otherwise it suffices to prove bijectivity of tt. Surjectivity follows from Cor. 
15.31 For injectivity we use an adaption of the argument given in [Gru68], Prop. 
V.3.2. Let [P] e P(A) be an element in the kernel of ([17|. For each n e N let 
Pn '■— P An and let Xn G Pn be an yl„-module generator. If n > m then 
An Am is injective and hence, so is P„ — > Pm- Since the image of Xn under 
the map P„ — > Pm generates P,„ we may write Xn — amXm with am G Am- Let 
Un := 1 + F°+An C where F°+A„ = {a € ^„ : \a\ < 1}. Taking Galois 
invariants in Bn = Kn x (1 + F^^Bn) yields An = K^Un- Thus, we may assume 
that a„ e Un- The convex sets Vn := UnXn Q Pn satisfy Vn+i C Vn- Now for each 
n S N the map P„ Pn-i is a compact linear map between p-adic Banach spaces 
over the locally compact field Kn (cf. [ST03], Lem. 6.1). We may therefore argue 
as in [Gru68], Prop. V.3.2 to obtain that DnVn ^ 0. Any nonzero element in this 
intersection then generates P whence [P] =0. □ 

Remark: The theorem answers a question raised by J. Teitelbaum (cf. [Tei], 
Question 2). As a special case it includes Pzc(Bif ) = 0, a well-known theorem of 
M. Lazard (cf. [Laz62], Thm. 7.2) on the geometry of the one dimensional open 
unit disc over a discretely valued field. 

By [STOl], §3 the algebra of global sections A := ©(o/f) is a Priiferian domain 
whence SKo{A) = by Lemma 

Corollary 5.10. Rank and determinant gives canonical isomorphisms Ko^dx) — Z 
if L = Qp and Koi^K) — Z ® Zp otherwise. 

5.3. General character varieties. We wish to extend our results on the additive 
group to more general abelian locally L-analytic groups. 

Let Z be an abelian locally L-analytic group which is (topologically) finitely gen- 
erated. Denote hy fj, C Z its torsion subgroup. 

Lemma 5.11. The group fi is finite. There exists r G No and an isomorphism of 
locally L-analytic groups where d := dim^Z 

fix o"^ xZ'' ^ Z. 

Proof: By [Eme], Prop. 6.4.1 the inclusion of the unique maximal compact open 
subgroup Zq into Z induces an isomorphism Zq x Z'' = Z for some unique r e Nq. 
By the structure theorem on abelian profinite groups (e.g. [RV99], Cor. 1.24) Zq 
equals (as a topological group) the product over its Sylow subgroups. The unique 
p-Sylow subgroup Zq(j)) contains any open standard subgroup of Zq (in the sense 
of [Bou72], Thm. III.7.3.4) whence is open. Hence, fi is finite. Moreover, Zo{p) is 
a topologically finitely generated abelian pio-p group whence a finitely generated 
Zp-module. It therefore decomposes as a locally Qp-analytic group into a finite 
and an open subgroup isomorphic to ^^I^ '^pl ^ Given the induced locally L-analytic 
structure on the latter it identifies with the locally L-analytic group o"^. □ 

For all upcoming basic notions from nonarchimedean functional analysis we re- 
fer to [Sch02]. Let be a Hausdorff locally convex vector space. Denote by 
C°'"'{Z,V) the if- vector space of T/- valued locally L-analytic functions on Z and 
denote by D{Z,K) := C°"(Z, ii')[, the algebra of X-valued locally L-analytic dis- 
tributions on Z ( [ST02], §2). Both spaces carry natural Hausdorff locally convex 
topologies making the convolution product in D{Z, K) separately continuous. If Z 
is compact D{Z,K) is a nuclear Frechet-Stein algebra (in the sense of [ST03], §3). 
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We introduce the following generalization (due to M. Emerton, cf. [Erne], (6.4)) 
of the rigid analytic character variety o studied in the preceding section. For each 
X £ Rig{K) we denote by Z{X) the group of abstract group homomorphisms 
Z 0{X)^ with the property that for each admissible open afhnoid subspace 
U C X the map Z C'(X)^ ^ 0{U) lies in C"'"(Z, 0(1/)). Here, res is 
the natural restriction map 0{X) 0{U) restricted to 0{X)^ . This defines a 
contravariant functor Zk : Rig{K) Ah. It is representable by a smooth rigid 
if-analytic group Zk on a quasi-Stein space, li Z = (o, +) then Zk coincides with 
the character group d®LK introduced before. 

Proposition 5.12. Keep the notation of the lemma. One has 'Kq{Zk) < #M and 
dim Zk = d + r. There is an isomorphism of rigid K-analytic groups 

fi-K Xk Ok Xk GJ'n — > Zk- 

Proof: This is a modest refinement of the argument given in [Eme], Prop. 6.4.5. 
and follows from the above lemma like this. Denote for m > 1 by /i„i the rigid K- 
analytic group equal to the m-th roots of unity. According to [loc.cit.] and [Buz04], 

Lemma 2 we have Zk = Gm and and Z/mZ = fim- Associating Z Zk converts 
direct products into fibre products over K. By the preceding lemma we therefore 
have a group isomorphism in Rig{K) 

fiXKoj^ Xk G[„ Zk- 

It remains to see the formulas on connected components and dimension. Being 
finite etale the space fiK is a finite disjoint union over points Sp Ki, i = l,...,s 
where each K C Ki is a finite field extension. Since each KiXKoj^ is connected and 
GJ^ is geometrically connected it follows from [Koh08], Prop. A. 7 that their fibre 
product is connected. Hence, ttq(Zk) = s. Since 7ro(Z/mZ^) < m for m > 1 we 
obtain s < by taking fibre products. Finally, dim ok = 1 as remarked earlier 
from which the dimension formula follows. □ 

Remark: As mentioned in the introduction the main example of a group like Z 
is the group T(L) of L-rational points of a linear algebraic torus T defined over 
L ( note that topologically finite generation for the split part is immediate and 
follows for the anisotropic part by compactness, cf. [BT65], Cor. §9.4). Denote by 
Rep^''(r) and Coh{TK) the abelian categories of essentially admissible locally L- 
analytic T-representations over K (cf. [Eme], (6.4)) and coherent modules sheaves 
on Tk respectively. The global section functor followed by "passage to the strong 
continuous dual" induces an anti-equivalence 

Coh{fK)^^e^T{T) 

under which the structure sheaf corresponds (at least if r = 0) to the regular 
representation. As a next step it is therefore desirable to have a description of the 
locally free sheaves in Coh{TK). 

5.4. Vector bundles. Assuming dim^ Z < 1 we compute the Picard group and 
the Grothendieck group of Zk- 

By Prop. 15.121 we have a morphism of locally L-analytic groups 

t : /i X o'' ^ ^ X o"* X Z'' — > Z, {g, h) ^ {g, h, 0) 
inducing the natural projection map 

L : Zk = P-k Xk Ok Xk G^j fiK Xk Ok 
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Proposition 5.13. Let d < I. The induced maps on Grothendieck and Picard 
groups are bijective. 

Proof: The space p,K is finite etale. Since it will become clear that our arguments 
do not depend on finite field extensions of K we may in the following assume, by 
additivity of Kq on connected components, that fi = I. In case d = we have the 
Pic{K) = Pic(G;„) = and Ko{K) ^ ifo(G;j Z (cf. [FvdP04], 6.3) whence the 
result follows. Assume d = 1 in the following and consider K^. Recall our specified 
covering {dn,K}neN of ok from section [ST^ where we put 6n,K ■= On (Eil K. Let z be 
the parameter on the analytic torus Gm defining the unit section and consider the 
admissible open covering of Gm given by the affinoid subdomains < z < \p\~" 
as n tends to infinity. Taking fibre products produces an increasing admissible open 
affinoid covering {Zn.K}neN of Zk = ok >^k realising its quasi-Stein property. 
By construction, t gives rise, for each n e N, to the natural projection between 
if-affinoids 

By Lemma 14.21 we may apply Lemma 15.161 and obtain that the associated map on 
ii'o-groups 

(18) ll.Ko{dn,K)^MZn.K) 

is bijective. We now consider the diagram 

Koidx) — = — > Ko{ok) 

(19) t* iHBri'-es; 

Ko{Zk) — — > \minKa{dn,K) 

where res„ : 0{6k) — > 0(o„.x) equals the restriction map and -0 equals the com- 
posite of the maps 

lim„res* : Ko{Zk) lim„ j\:o(Z„,g) , lim„(£*)~^ : lim „ jv:o(Z„,j^) lim„ii'o(on,if )■ 

To start with, the right vertical arrow in (fT^ is bijective. Indeed, by the last 
remark of section 15.21 it suffices to check this on Picard groups which was done in 
the proof of theorem 15.91 

We claim that ip is also bijective. The commutativity of the last diagram is 
readily checked and implies 

■0 o i* o (lim„res* )~"^ ~ id. 

To prove that t* o (lim„res*)"^ o ^ = id pick [P] e Kq{0{Zk)) = Ko{Zk) and 
take [M] e Ko{0{dK)) = Ko{dK) such that 

(20) (lim„re<)([M]) = V([^])- 

We show that i*{[M]) = [P]. First, the maps (1) P limn^* ®o(2^,) C(Z„^if) and 
(2) M ®o(dK) 0{^k) limnM„ ®o(d^ k) ^{^n,K) are bijections. Indeed, since Z 
is quasi-Stein the algebra 0{Zk) is a Frechet-Stein algebra in the sense of [ST03], 
sect. 3. Now P is a finitely generated projective ©(Z^)- module whence finitely 
presented. By [ST03], Cor. 3. 4 it is therefore a coadmissible module and [loc.cit.]. 
Cor. 3.1 gives (1). Secondly 

0{Zk) - 0{dK)®KO{Gl^) , 0(Z„.k) = 0{dn,K)®KO{Gl^^„) 

as algebras and for each n G N. Hence (2) follows from associativity of the (com- 
pleted) tensor product and the Frechet-Stein property of 0(GJ„). Next 

Wn ®0(6^,k) 0{Zn)] = tl[M ®o(6^) 0(o„.k)] = [P ®o(Z^) 0{Z^,k)\ 
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the first equality by definition of t„ and the second because of ^U\i . Applying 
lini„ on both sides and using (1) and (2) yields £*([M]) — [P] as desired. Since 

Kq{0{Zk)) is generated by such [P] the injectivity of tp follows. Now the bijection 
KolfiK ^Koj^) Kq{Zk) is clearly compatible with rank and determinant map- 
pings. Hence, an argument analogous to the one in the proof of Lem. 12.31 implies 
the bijectivity on Picard groups. □ 

Summarizing our results so far yields the 
Theorem 5.14. Let d <\. Then rank and determinant induces an isomorphism 

rk © det : Ko{Zk) ^ '1*''o(Zk) ^ Pic{ZK) 
where ^ttq{Zk) < i^lJ. and Pic{ZK) ~ Pic{jlK oj^) canonically. In particular, 
Pic^Zji) = unless L ^ Qp and d — 1 where PiclZx) ~ Z^'^"*'^^'' canonically. 

As a last result we clarify the relation between Kq{Zk) = Kq{0{Zk)) and 
the group Ko{D(Z, K)) associated to the abelian distribution algebra D(Z,K) of 
Z. It is immediate from Proposition 15.121 that Z is strictly a-affinoid (in the sense 
of [Eme], Def. 2.1.17). By the remarks following [loc.cit.], Def. 2.1.18 the K-dXgehra. 
of global sections 0{Zk) has a natural Hausdorff locally convex topology which 
makes it a nuclear Frechet algebra. In this situation the Fourier homomorphism 

(21) F : D{Z, K) 0{Z), X ^ Fx 

is a continuous injective algebra homomorphism with dense image and bijective if 
Z is compact ( [Eme], Prop. 6.4.6/ [STOl], Thm. 2.2). It is given by Fx{z) = A(k^) 
where € C""(Z, Cp) denotes the locally L-analytic character Z ^ Cp associated 

to z e Zk{Cp). 

Corollary 5.15. Let d < 1. The map F induces bijections on Picard and Grothendieck 
groups. 

Proof: The closed embedding of locally L-analytic groups l induces a topological 
embeddding 

: D{fi X o'^,K) D{Z,K) 
(cf. [Koh07], Prop. 1.1. 2). We obtain a commutative diagram of abelian groups 

Ko{D{^i X o^X)) KoifLK Xk 0%) 

Ka{D{Z,K)) Ko{Z) 

where the upper horizontal and the right vertical arrow are bijective according to 
compactness of /i x o'' and Prop. 15.131 respectively. By a previous argument we 
may assume that ^ — 1. Choosing indeterminates zi, the map becomes the 
natural inclusion 

: £1(0'', K) ^ D{o'^, K)[zf, z±] = K[Z'']^kD{o'^ , K) ^ D{Z, K). 

Here, K[.] refers to the ordinary group algebra over K and the last equality comes 
from (cf. [ST05], Prop. A. 3). If c? = the result follows. Furthermore, the ring 
D(o, K) is a Priiferian domain (cf. [STOl], §3) whence Lem. 12.11 yields the bijectiv- 
ity of (t*)* in case d=l. The case for Picard groups is similar. □ 

We finish this work by justifying the bijection used in the proof of Prop. 
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Lemma 5.16. Let A be a reduced affinoid K-algebra such that gr* A is noether- 
ian regular. Let Bn denote the K-affinoid algebra corresponding to the affinoid 
subdomain of GJ„ given by 

for i = l,...,r and n G Nq. The natural ring homomorphism A ^^Zl^^ A^kBu 
induces an isomorphism Ki:){A) K(){A^KBn)- 

Proof: Since K is discretely valued the spectral filtration on A is quasi-integral (in 
the sense of [ST03], Sect. 1). We therefore have the obvious analogue of a strong Z- 
gradation on gr* A (cf. [Lv096], 1.4.1) whence gr'^A and F'^A are noetherian regular 
(cf. [Lv096], Prop. II. 5. 1.12). After these remarks let ip denote the homomorphism 

A ^ A^KBn = A{p"z^\ ■■■,p"zt^). 

We first treat the case n = 0. The spectral norm filtration on the if- affinoid algebra 
A^kBo gives (cf. [Gru68], Theorem IV.5.1) 

gr' {A^KBo)^igr' A)[zt\ zf']. 

Hence, according to [Lv096], Prop. II. 2. 2.1, the filtration on the ring A(§kBo is 
Zariskian. The graded ring gr' (A^kBq) is noetherian regular (cf. [MR87], Thm. 
7.5.3). According to Lem. I2.3l it now suffices to see that 

gr'ip:gr'A^{gr'A)[zt\...,zt'] 

induces an isomorphism on ii'o-groups. Since gr' A is noetherian regular this is 
included in Lemma 12.11 Now let n > be arbitrary. Composing ip with the 
restriction map to the annulus = l,z = 1, ...,r we obtain A — > A{zf^, ...,z^^). 
By the case n = this induces an isomorphism on /vo-groups whence Ko{(p) is 
injective. Again consider the spectral norm filtration on A>SiKBn- It follows from 
[BGR84], 6.2.3 that F°{A(E)KBn) = iF°A)(S)o^{F°Bn) where ok K denotes the 
valuation ring. By the analogue of [Con06], Thm. 4.2.7 for formal schemes the ring 
F°{A^KBn) is therefore noetherian regular. Furthermore, gr^{A^KBn) is seen 
to equal as (7r'' A- algebra the tensor product over gr'^A of r copies of the algebra 
{gr'^A)[x,y]/(xy) {x,y two variables). We therefore obtain a surjection 

(22) Mgr^A) ^ ifo(gr"(A®KB„) ^ Ko{F\A®KBn)) ^ Ko{A®kB„) 

where the first surjection comes from the lemma below, the second isomorphism 
from [Bas68], Prop. 4. IX. 1.3 and the final surjection from Quillen's localization 
sequence (cf. [Qui73], Thm. 12.4.9). Composing this map with 

K^{A) ^ K^{gr' A) ^ Koigr°A) 

(Lemma 12.31 and [MR87], Cor. 12.3.5) and checking that the composite equals 
Kq{lp) we are done. □ 

The following lemma was used in the preceding proof. 

Lemma 5.17. Let R be a commutative noetherian regular ring and let A^ := 
R[tii,ti2]/tiiti2 with variables ta,^i2 for i = 1, ...,r. Let A = A^ ■ ■ ■ (E>r A^ . 
Then the natural map Kq{R) —^ K(){A) is surjective. 

Proof: This is an adaption of the argument given in [HLOO], Prop. 2.2. Let 
M G P{A). Let cr : A ^ i? be the zero section with kernel / and put N := cr*(M). 
We show that [N] G Ko{R) maps to [M] G Ko{A) thus proving the lemma. We 
will assume r = 2 since the general case follows along the same lines but with more 
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notation. We put :— R[xi,X2]/xiX2,A^ :— R[yi,y2]/yiy2 with indeterminates 
Xi,yi and identify A ^ (g)^ A^. Consider the exact sequence of free i?-niodules 

^ A" ^ A°/xi X A°/x2 A°/xiX2 

where the maps are induced by the diagonal mapping and the map (m, v) i—^ u — v. 
Tensoring this sequence over R with the corresponding one for A^ yields a short 
exact sequence of A-modules 

A ^ All X A21 X A12 X A22 A/I 

where we have abbreviated Aij := A/{xi,yj) and the maps are induced by the 
diagonal mapping and the map {u,v,w, z) 1— > u ~ v ~ w + z. Since M and N are 
A-flat and i?-flat respectively we obtain two short exact sequences of ^-modules 

^ M Mil X M21 X M12 X M22 M/I ^0, 

Ni^nA Nil X N21 X N12 X N22 ^ N^rA/I 

abbreviating My :— M (^a Aij and Nij N 0^ Aij. Now Mij G P{Aij) where 
Aij is a polynomial ring over R in two variables. According to [MR87], Cor. 12.3.5 
we have an equality in KQ{Aij) 

where cry : Aij — > R denotes the zero section. Hence, there exists n G No (indepen- 
dent of ij) and an isomorphism of v4y-modules tpij such that 

(23) ifi,, : {N ®R Ay) © A'lj ^ My A^^^ . 

Put M := M © A" such that N a*{M) = iV © i?". In obvious notation ^ 
gives an isomorphism (pij : N Aij Mij for all ij . Furthermore, one checks 
that the induced isomorphism of i?-modules 

a*{M) ^N^ n*j{N ®r Ay) "'^^'^ CTy-(My) = M/IM 

coincides for each ij with the natural map. We therefore have compatible isomor- 
phisms between the middle and the right-hand side in the tilde versions of the above 
two exact sequences of A-modules. Hence, we obtain an isomorphism between the 
kernels which proves the lemma. □ 
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